Traditionally, a face gear drive uses an involute pinion. If the number of teeth of pinion is smaller than the minimum number of teeth without undercutting, the pinion will be undercut. To avoid undercutting, it is necessary to quit using involute pinion. This paper proposes a new face gear drive called cosine face gear drive. The cosine face gear drive has a predesigned fourth order function of transmission errors and a localized bearing contact. Therefore, it has a smoother motion curve and no edge contact problem. According to coordinate transformation theory, the theory of gearing, and differential geometry, the mathematical model of the cosine face gear drive is created, including position vectors, unit normal vectors, principal curvatures, principal directions, the condition of contact, and the condition for producing the predesigned fourth order function of transmission errors. A numerical case is studied to verify the mathematical model. The geometric solid model of the case is created. The actual form of the function of transmission error is analyzed. Contact paths and contact ellipses are analyzed. The effects of assembly errors on contact paths and on the function of transmission errors are analyzed. Contact and fillet stresses are analyzed using finite element analysis.
Introduction
Face gear drives are used for transmitting motion and torque between two non-parallel, intersecting shafts or non-parallel, non-intersecting shafts. Face gear drives have been applied in aerospace drive system to transfer power between intersecting shafts as found in helicopter rotor transmission. The main advantage of face gear drives is the possibility of the split of torque and the reduction of gear weight. 1 Face gear drives are also effective with insufficient lubrication, thus increasing the reliability of the aircraft. Helicopters using transmission systems based on face gear drives have a higher safety and survivability. The use of face gear drives in high power and high precision applications has become more and more popular. Buckingham 2 and Dudley 3 provided a brief description of face gear drives. Litvin et al. 4 developed the analytical geometry of face-gear drives, proposed the method for localization of bearing contact, developed computerized simulation of meshing and bearing contact, investigated the influence of gear misalignment on the shift of bearing contact and transmission errors. Litvin et al. 5 conducted computerized generation, localization of bearing contact and simulation of meshing and contact of an orthogonal offset face-gear drive with a spur involute pinion. Litvin et al. 6 proposed and investigated new types of face-gear drives for application in transmissions, particularly, in helicopter transmissions, by application of asymmetric profiles and double-crowned pinion of the drive. Their proposed face gear drive was provided with a second order function of transmission errors. Litvin et al. 7, 8 proposed a new method for generation of face-gears by application of a grinding (or cutting) worm. Two versions of geometry of face-gear drives were considered based on: (i) involute profiles, and (ii) advanced modified profiles of the pinion. Their proposed face gear drive had four main advantages: (i) existence of a longitudinal bearing contact, (ii) avoidance of edge contact, (iii) existence of a second order function of transmission errors, and (iv) reduction of contact stresses. Chung and Chang 9 conducted an investigation of contact path and kinematic error for a face gear drive. Zanzi and Pedrero 10 investigated an enhanced approach for the application of longitudinal plunging in the manufacturing of a double crowned pinion of a face gear drive to reduce the sensitivity of the gear drive to misalignments. Their proposed face gear drive was provided with a second order function of transmission errors. Litvin et al. 11 investigated two versions of face-gear drive geometry with a helical pinion. One version was based on a screw involute helicoid. The second version was a new geometry developed as envelopes of two mismatched parabolic racks of the pinion and the shaper. A new method of grinding or cutting of face-gears by a worm of special shape was developed. Their proposed face gear drive also had four main advantages: (i) existence of a longitudinal bearing contact, (ii) avoidance of edge contact, (iii) existence of a second order function of transmission errors, and (iv) reduction of contact stresses. Tsay and Fong 12 proposed a novel profile modification methodology for the molded face-gear drive that enhances the controllability of the contact pattern and transmission characteristics. The contact pattern of the face gear drive was designed in a manner similar to that for the bevel gear, with a localized bearing that reduces the sensitivity of axes misalignment. Tang et al. 13 developed a progressive grinding method for spur face-gear. The third action principle of modified spur face-gear driving and the mathematical model of parabolic rack cutter, spur gear cutter, disk wheel and modified spur face-gear were established. Peng et al. 14 proposed a manufacturing process for fabricating ease-off surfaces of a face gear drive that was provided with controllable unloaded meshing performance and local bearing contact. A predesigned transmission error, a predesigned contact path, and the length of contact ellipse were applied in the redesign of the ease-off surfaces of the pinion and face gear to control the unloaded meshing performance. Wang et al. 15 proposed an efficient honing method for face gear with tooth profile modification to improve the production efficiency of the face gear. The tooth profile of the honing cutter was modified by controlling the longitudinal modification coefficient of the generating rack cutter. Traditionally, the pinion in a face gear drive is an involute or a modified involute pinion. If the number of teeth of the pinion is smaller than the minimum number of teeth without undercutting, the pinion will be undercut. To replace the involute pinion with a cosine pinion is a way of preventing undercutting. Lee 16 proposed a new type of gear drive called cosine gear drive, which was generated using a cosine rack. The minimum number of teeth without undercutting of a cosine gear was smaller than that of an involute gear. Moreover, the maximum fillet stress of a pair of cosine gears was smaller than that of a pair of involute gears. 17 By replacing the involute pinion in a face gear drive with a cosine pinion, this paper proposes a new type of face gear drive called cosine face gear drive. The cosine face gear drive is composed of a cosine pinion and a cosine face gear. The cosine face gear is generated by a cosine shaper. The cosine shaper is generated by a cosine rack. The cosine pinion is generated by a form grinding wheel. The axial profile of the form grinding wheel is generated by a planar cosine curve. The cosine face gear drive is designed to have a localized bearing contact to avoid edge contact. More importantly, the cosine face gear drive is designed to have a predesigned fourth order function of transmission errors. Therefore, the cosine face gear drive has a smoother motion curve. Stadtfeld and Gaiser 18 in the Gleason Works reported that a fourth order function of transmission errors is superior to a second order one. The motion curve formed by a fourth order function of transmission errors is smoother than the motion curve formed by a second order function of transmission errors. Wang and Fong 19 proposed a methodology to synthesize the mating tooth surfaces of a face-milling spiral bevel gear set that transmitted rotations with a predetermined fourth-order motion curve and contact path. Lee 20 proposed a method to manufacture a crowned spur gear drive that had a controllable fourth order polynomial function of transmission errors. The level of gear running noise was reduced and edge contact was avoided. Jiang and Fang 21 proposed a design of tooth surface modifications to reduce vibration and noise for involute cylindrical gears that were provided with a controllable higher order polynomial function of transmission error.
Li et al. 22 proposed a function-oriented form-grinding approach to obtain excellent and stable contact performance of cylindrical gears by designing modification forms based on a predesigned controllable fourth-order transmission error function and error sensitivity evaluation. Lee 23 proposed a modified involute face gear drive comprising an involute face gear and a crowned pinion. The crowned pinion was generated using a form grinding wheel whose axial profile was a fourth-degree polynomial curve. The modified involute face gear drive had a predesigned fourth order function of transmission errors and dimensionally controllable contact ellipses. This paper is organized as follows. In section 2, the method to manufacture the cosine face gear is described. The mathematical model of tooth surface of the cosine face gear is developed, including position vector, unit normal vector, principal curvatures and principal directions. In section 3, the method to manufacture the cosine pinion is described. The mathematical model of tooth surface of the cosine pinion is created, including position vector, unit normal vector, principal curvatures and principal directions. In section 4, the mathematical model for tooth contact analysis is established, including the condition of contact, the position vector of contact path, the function of transmission errors, and the dimensions and orientation of a contact ellipse. In section 5, the mathematical model is developed to let the gear drive have a predesigned fourth order function of transmission errors. In section 6, a numerical case of the cosine face gear drive is studied. The geometric solid model of the case is created.
The actual values of the function of transmission errors of the case are analyzed. The contact path and contact ellipses of the case are analyzed. The effects of assembly errors on the contact path and on the function of transmission errors of the case are analyzed. Finally, the stresses of the case are analyzed by using finite element analysis.
The mathematical model of tooth surface of the cosine face gear
The mathematical model, including position vector, unit normal vector, principal curvatures and principal directions, of tooth surface of the cosine face gear are created in this section. The cosine face gear is manufactured using a cosine shaper. The cosine shaper is manufactured using a cosine rack. In other words, the tooth surface of the cosine rack and the tooth surface of the cosine shaper are a pair of conjugate surfaces. The tooth surface of the cosine shaper and the tooth surface of the cosine face gear are a pair of conjugate surfaces. Here, the tooth surface of the cosine rack is denoted by S r , the tooth surface of the cosine shaper is denoted by S s , and the tooth surface of the cosine face gear is denoted by S F . According to coordinate transformation theory and the theory of gearing, 24, 25 the mathematical models of S s and S F can be determined if the mathematical model of S r is given. As shown in Figure 1 , S r (o r ; x r , y r , z r ) is the coordinate system connected rigidly to the tooth surface S r of the cosine rack. The profile of the tooth surface S r on the x r y r plane is a cosine curve. The position vector of the tooth surface S r represented in S r (o r ; x r , y r , z r ) is:
The normal and unit normal vectors of the tooth surface S r represented in S r (o r ; x r , y r , z r ) are:
As shown in Figure 2 , S s (o s ; x s , y s , z s ) is the coordinate system connected rigidly to the tooth surface S s of the cosine shaper. When the tooth surface S r generates the tooth surface S s , the tooth surface S r is provided with a translation and the tooth surface S s is provided with a rotation. The rotation axis of the tooth surface S s is z s . The relative motion between S r (o r ; x r , y r , z r ) and S s (o s ; x s , y s , z s ) is also as shown in Figure 2 . The translation parameter of S r (o r ; x r , y r , z r ) is r s f and the rotation parameter of S s (o s ; x s , y s , z s ) is f. The tooth surface S r of the cosine rack forms a family of surfaces S r f g 
where M sr (f) is the coordinate transformation matrix from S r (o r ; x r , y r , z r ) to S s (o s ; x s , y s , z s ). 
where r s = mT s =2.
where L sr (f) is the 3 by 3 submatrix obtained by eliminating the last row and column of M sr (f). The relative velocity of the tooth surface S r with respect to the tooth surface S s represented in S r (o r ; x r , y r , z r ) is:
According to the theory of gearing, 24, 25 the necessary condition for the existence of an envelope to the family of surfaces S r f g f s is the following equation of meshing:
The parameter f in equation (7) can be represented as the explicit function of u, as follows:
By replacing the parameter f in r 
where
By replacing the parameter f in n (r) s u, f ð Þ with the explicit function f(u), the unit normal vector of the tooth surface S s represented in S s (o s ; x s , y s , z s ) can be obtained as follows:
Next, the tooth surface S s of the cosine shaper is used to generate the tooth surface S F of the cosine face gear. As shown in Figure 3 , S F (o F ; x F , y F , z F ) is the coordinate system connected rigidly to the tooth surface S F of the cosine face gear. When the tooth surface S s generates the tooth surface S F , the tooth surface S s is provided with a rotation and the tooth surface S F is provided with a rotation, too. The rotation axes of S s and S F are z s and z F , respectively. The relative motion between S s (o s ; x s , y s , z s ) and S F (o F ; x F , y F , z F ) is also as shown in Figure 3 . The rotation parameters of S s (o s ; x s , y s , z s ) and S F (o F ; x F , y F , z F ) are iu and u, respectively. The tooth surface S s of the cosine shaper forms a family of surface Relative motion between S s (o s ; x s , y s , z s ) and
where M Fs (u) is the coordinate transformation matrix
where L Fs (u) is the 3 by 3 submatrix obtained by eliminating the last row and column of M Fs (u).
The relative velocity of the tooth surface S s with respect to the tooth surface
According to the theory of gearing, 24, 25 the necessary condition for the existence of an envelope to the family of surfaces S s f g u F is the following equation of meshing:
The parameter v in equation (15) can be represented as the explicit function of u and u, as follows:
By replacing the parameter v in r (s)
Þ with the explicit function v(u, u), the position vector of the tooth surface S F represented in S F (o F ; x F , y F , z F ) can be obtained as follows:
The unit normal vector of the tooth surface S F represented in S F (o F ; x F , y F , z F ) can be obtained as follows:
According to the theory in differential geometry, the fundamental quantities of the first kind of the tooth surface S F are:
The fundamental quantities of the second kind of the tooth surface S F are:
The mean and total curvatures of the tooth surface S F are:
The principal curvatures of the tooth surface S F are:
is the Leeprincipal direction of S F . Therefore, the principal directions of the tooth surface
The mathematical model of tooth surface of the cosine pinion
The mathematical model, including position vector, unit normal vector, principal curvatures and principal directions, of tooth surface of the cosine pinion are developed in this section. The cosine pinion is manufactured using a form grinding wheel. The axial profile of the surface of revolution of the form grinding wheel is generated by a planar cosine curve. Here, the planar cosine curve is denoted by G c . The axial profile of the surface of revolution of the form grinding wheel is denoted by G a . The surface of revolution of the form grinding wheel is denoted by S g . The tooth surface of the cosine pinion is denoted by S p . As shown in 
The normal and unit normal vectors of G c represented in S c (o c ; x c , y c , z c ) are:
As shown in Figure 5 , S a (o a ; x a , y a , z a ) is the coordinate system connected rigidly to the axial profile G a . When the planar cosine curve G c generates the axial profile G a , the planar cosine curve G c is provided with a translation and the axial profile G a is provided with a rotation. The rotation axis of G a is z a . The relative motion between S c (o c ; x c , y c , z c ) and S a (o a ; x a , y a , z a ) is also as shown in Figure 5 . The rotation parameter of S a (o a ; x a , y a , z a ) is u. The translation parameter of S c (o c ; x c , y c , z c ) is h(u). In order to let the gear drive have a predesigned fourth order function of transmission errors, the translation parameter h(u) is designed as follows:
where c 2 , c 3 and c 4 are the design parameters to be determined. The planar cosine curve G c forms a family of curves G c f g u a in S a (o a ; x a , y a , z a ). According to coordinate transformation theory, 24, 25 the position vector of G c f g
where M ac (u) is the coordinate transformation matrix from S c (o c ; x c , y c , z c ) to S a (o a ; x a , y a , z a ). where
where L ac (u) is the 3 by 3 submatrix obtained by eliminating the last row and column of M ac (u). The relative velocity of the planar cosine curve G c with respect to the axial profile G a represented in S c (o c ; x c , y c , z c ) is:
According to the theory of gearing, 24, 25 the necessary condition for the existence of an envelope to the family of curves G c f g u a is the following equation of meshing:
The equation of meshing in equation (31) can be simplified as follows:
The position vector of the axial profile G a represented in S a (o a ; x a , y a , z a ) is determined by
The unit normal vector of the axial profile G a represented in S a (o a ; x a , y a , z a ) is determined by
The surface of revolution S g of the form grinding wheel can be obtained after the rotation of the axial profile G a about the axis of revolution of the form grinding wheel. As shown in Figure 6 , S g (o g ; x g , y g , z g ) is the coordinate system connected rigidly to the surface of revolution S g . The rotation axis of the axial profile G a is x g . The relationship between S a (o a ; x a , y a , z a ) and S g (o g ; x g , y g , z g ) is also as shown in Figure 6 . According to coordinate transformation theory, 24, 25 the position vector of the surface of revolution S g represented in S g (o g ; x g , y g , z g ) is determined by
where M ga (q) is the coordinate transformation matrix from S a (o a ; x a , y a , z a ) to S g (o g ; x g , y g , z g ).
The unit normal vector of the surface of revolution
where L ga (q) is the 3 by 3 submatrix obtained by eliminating the last row and column of M ga (q). Next, the surface of revolution S g of the form grinding wheel is used to generate the tooth surface S p of the cosine pinion. As shown in Figure 7 (a), S p (o p ; x p , y p , z p ) and S p 0 (o p 0 ; x p 0 , y p 0 , z p 0 ) are the coordinate systems connected rigidly to the tooth surface S p . When the surface of revolution S g of the form grinding wheel generates the tooth surface S p , the surface of revolution S g is provided with a parabolic motion with respect to the tooth surface S p . The relative motion between S g (o g ; x g , y g , z g ) and S p 0 (o p 0 ; x p 0 , y p 0 , z p 0 ) is as shown in Figure 7( 
where M pg (t) is the coordinate transformation matrix from S g (o g ; x g , y g , z g ) to S p (o p ; x p , y p , z p ).
The unit normal vector of Figure 6 . Relationship between S a (o a ; x a , y a , z a ) and
where L pg is the 3 by 3 submatrix obtained by eliminating the last row and column of M pg (t). The relative velocity of the surface of revolution S g with respect to the tooth surface S p represented in S g (o g ; x g , y g , z g ) is:
According to the theory of gearing, 24,25 the necessary condition for the existence of an envelope to the family of surfaces S g È É t p is the equation of meshing shown as follows:
The parameter t in equation (42) can be represented as the explicit function of q, as follows:
By replacing the parameter t in r (g) p w, u, q, t ð Þ with the explicit function t(q), the position vector of the tooth surface S p of the cosine pinion represented in S p (o p ; x p , y p , z p ) can be obtained as follows:
Since n (g) p (w, u, q) does not have the parameter t, the unit normal vector of the tooth surface S p of the cosine pinion represented in S p (o p ; x p , y p , z p ) can be obtained as follows:
According to the theory in differential geometry and the chain rule in calculus, the fundamental quantities of the first kind of the tooth surface S p are:
The fundamental quantities of the second kind of the tooth surface S p are:
The mean and total curvatures of the tooth surface S p are:
Because n ) and
S p . Therefore, the principal directions of the tooth surface S p represented in S p (o p ; x p , y p , z p ) are:
The principal curvatures of the tooth surface S p are:
The mathematical model for tooth contact analysis
The tooth surface S p of the cosine pinion and the tooth surface S F of the cosine face gear are a pair of pointcontact conjugate surfaces. As shown in Figure 8 ,
are the fixed coordinate systems connected rigidly to the gear housing of the cosine face gear drive, S p (o p ; x p , y p , z p ) is the coordinate system connected rigidly to the tooth surface S p of the cosine pinion, and S F (o F ; x F , y F , z F ) is the coordinate system connected rigidly to the tooth surface S F of the cosine face gear. The rotation axes of S p and S F are z p and z F , respectively. The rotation angles of S p and S F are f p and f F , respectively. The condition of contact is the following mathematical model:
is the 3 by 3 submatrix obtained by eliminating the last row and column of M fp (f p ). L fF (f F ) is the 3 by 3 submatrix obtained by eliminating the last row and column of
, there are only six independent equations in equation (51). In other words, a system of equations with six independent equations and seven unknowns, w, u, q, u, u, f F and f p , is determined by equation (51). According to the theorem for the existence of an implicit function system, the system of six independent equations determines the following six implicit functions.
Using w(f p ), u(f p ) and q(f p ) in equation (52), the contact path on the tooth surface S p can be determined by
Using u(f p ), u(f p ) and f F (f p ) in equation (52), the contact path on the tooth surface S F can be determined by
Using f F (f p ) in equation (52), the function of transmission errors can be determined by
Due to the elasticity of materials, the theoretical contact point is spread over a contact area. The projection of the contact area on the common tangent plane of S p and S F is an ellipse if S p and S F are approximated by their second order Taylor series expansions.
24,25 Figure 9 shows the model of a contact ellipse. The common tangent plane of S p and S F is P. The center of the contact ellipse is the theoretical contact point. The major and minor axes of the contact ellipse are 2a and 2b, respectively. The orientation of the contact ellipse is determined by the angles s and a. The angle measured counterclockwise from e 1 to h is a. If the elastic approach d between S p and S F is given, the major and
minor axes can be determined using the following equations:
The parameters k
, g p and g F can be determined using the following equations: 2 can determined using equation (22) . The angle s can be determined using the following equations:
The angle a can be determined using the following equations:
The mathematical model for producing the predesigned fourth order function of transmission errors
The cosine face gear drive proposed in this paper can have a predesigned fourth order function of transmission errors if the design parameters, c 2 , c 3 , and c 4 , are given correctly. In other words, to let the cosine face gear drive have a predesigned fourth order function of transmission errors, the values of c 2 , c 3 , and c 4 must be determined correctly. In this section, a system of equations that contains thirteen nonlinear equations is developed to determine the values of c 2 , c 3 , and c 4 , correctly. According to equation (55), the tangent slope of the function of transmission errors is:
The relative velocity of the tooth surface S p with respect to the tooth surface S F represented in
Since the tooth surface S p and the tooth surface S F are a pair of conjugate surfaces, the inner product of the unit normal vector n (p) f and the relative velocity V (pF) f is zero.
After substituting equation (61) into equation (62), the derivative of f F with respect to f p is obtained as follows:
After substituting equation (63) into equation (60), the mathematical model for determining the tangent slope of the function of transmission errors is obtained as follows:
where Figure 9 . Model of a contact ellipse. Figure 10 shows the model of the predesigned fourth order function of transmission errors. When the tooth surface S p contacts the tooth surface S F at point P 1 , the old six parameters, w, u, q, u, u, f p and f F , are replaced by the new six parameters, w 1 , u 1 , q 1 , u 1 , u 1 , f p1 and f F1 , respectively. When the tooth surface S p contacts the tooth surface S F at point P 2 , the old six parameters, w, u, q, u, u, f p and f F , are replaced by the new six parameters, w 2 , u 2 , q 2 , u 2 , u 2 , f p2 and f F2 , respectively. At points P 1 and P 2 , the value of the predesigned fourth order function of transmission errors is Àj. Therefore, f p1 , f p2 , f F1 and f F2 have the following relations:
Based on equation (51), the condition of contact for point P 1 is as follows:
Based on equation (51), the condition of contact for point P 2 is as follows:
Moreover, the tangent slope of the predesigned fourth order function of transmission errors at point P 2 is zero, which means
Because n (66) and (67) have twelve independent algebraic equations. The twelve independent equations and the one equation in equation (68) form a system of equations that has thirteen equations and thirteen unknowns: c 2 , c 3 and c 4 . The system of equations, which is called the condition for producing the predesigned fourth order function of transmission errors, can be represented as follows: u 1 , q 1 , u 1 , u 1 , w 2 , u 2 , q 2 , u 2 , u 2 , c 2 , c 3 , c 4 ) = 0, i = 1, 2, :::, 13
ð69Þ
The Newton's root finding method can be used to solve the system of equations to determine the thirteen unknowns. To determine the initial guesses of the thirteen unknowns, an optimization model based on equation (69) is developed as follows:
The optimization model can be solved using a global search algorithm. The solutions of unknowns obtained by the global search algorithm are transferred to the Newton's root finding method to be the initial guesses of unknowns.
A numerical case study
A numerical case is studied herein to verify the mathematical models that have been built in previous sections. To perform this study, seven steps are applied as follows.
Step 1: creating the cosine rack and the cosine shaper
The gear module m is set to 10 mm. The dedendum height h f is set to 1:25m. The number of teeth of the cosine shaper T s is set to 15. Using the position vector of tooth surface S r of the cosine rack in equation (1) and the position vector of tooth surface S s of the cosine shaper in equation (9), the geometric solid models of the cosine rack and the cosine shaper are created as shown in Figure 11 .
Step 2: creating the cosine face gear
The number of teeth of the cosine face gear T F is set to 30. Using the position vector of the tooth surface S F of the cosine face gear in equation (17) , the geometric solid model of the cosine face gear is created as shown in Figure 12 . Step 3: creating the form grinding wheel and the cosine pinion
The number of teeth of the cosine pinion T p is set to 15. The parameter of the parabolic motion of the form grinding wheel l is set to 0.003. The radius parameter of the form grinding wheel r g is to 20 mm. The amplitude of the predesigned fourth order function of transmission errors j is set to 10 arcsec. A differential evolution algorithm is applied to solve the optimization problem in equation (70). A Newton's root finding algorithm is applied to solve the system of equations in equation (69). Before executing the differential evolution algorithm, the upper and lower bounds of the thirteen unknowns are set as shown in Table 1 . The solutions of the unknowns obtained by the differential evolution algorithm are regarded as the initial guesses of the unknowns and are transferred to the Newton's rooting finding algorithm. The solutions of the unknowns obtained by the Newton's root finding algorithm are also as shown in Table 1 . Until now, the three unknown design parameters, c 2 , c 3 and c 4 , in the function h(u) has been determined. Then, the axial profile G a and the surface of revolution S g of the form grinding wheel can be determined. Using the position vector of S g in equation (35) and the position vector of S p in equation (44), the geometric solid models of the form grinding wheel and the cosine pinion are created as shown in Figure 13 . After assembling the cosine pinion and the cosine face gear, the geometric solid model of the cosine face gear drive is obtained as shown in Figure 14 .
Step 4: analyzing the actual values of the function of transmission errors Solving the system of equations for the condition of contact in equation (51), the actual values of the Figure 13 . Geometric solid models of the form grinding wheel and the cosine pinion.
function of transmission errors, Df F , is calculated as shown in Table 2 . The actual form of the function of transmission errors is plotted as shown in Figure 15 . Using the method of regression analysis and the data of f p and Df F in Table 2 , the regression polynomial model of the function of transmission errors can be determined as follows: 
The R-squared value of the regression polynomial model is 1, which means the regression polynomial model fits the data perfectly. It can be seen that the function of transmission errors is indeed a fourth order polynomial function. To let the cosine face gear drive have a predesigned fourth order function of transmission is successfully realized.
Step 5: analyzing the dimensions and orientation of contact ellipses Usually, the contact ellipse is considered for the case when the gears are under a small load and d is taken to be 0.00025 inch. 24, 25 Therefore, the elastic approach d between S p and S F is set to 0.006 mm. The dimensions and orientation of a contact ellipse can be determined by using equations (56)-(59). Table 1 shows the results of major and minor axes of the contact ellipses in a cycle of meshing. Using equations (53) and (56)-(59), the contact path and contact ellipses on the tooth surface S p of the cosine pinion are plotted as shown in Figure 16 (a). Using equations (54) and (56)-(59), the contact path and contact ellipses on the tooth surface S F of the cosine face gear are plotted as shown in Figure 16 (b). Because the bearing contact, which is formed by the set of contact ellipses, is away from the boundaries of tooth surface, the cosine face gear drive has no edge contact problem. Step 6: analyzing the effects of assembly errors on the location of contact path and on the function of transmission errors
To analyze the effects of assembly errors on the location of contact path and on the function of transmission errors, five assembly cases are considered herein. Figure  17 (a) shows the relationship between S p (o p ; x p , y p , z p ) and S f 0 (o f 0 ; x f 0 , y f 0 , z f 0 ) for assembly case 0, where the cosine pinion is provided with no assembly errors. The coordinate transformation matrix from S p (o p ; x p , y p , z p ) to S f (o f ; x f , y f , z f ) is as follows:
Figure 17(b) shows the relationship between S p (o p ; x p , y p , z p ) and S f 0 (o f 0 ; x f 0 , y f 0 , z f 0 ) for assembly case 1, where the cosine pinion is provided with a distance assembly error Dz along the direction z f 0 . The coordinate transformation matrix from S p (o p ; x p , y p , z p ) to S f (o f ; x f , y f , z f ) is as follows:
Figure 17(c) shows the relationship between S p (o p ; x p , y p , z p ) and S f 0 (o f 0 ; x f 0 , y f 0 , z f 0 ) for assembly case 2, where the cosine pinion is provided with a distance assembly error Dy along the direction y f 0 . The coordinate transformation matrix from S p (o p ; x p , y p , z p ) to S f (o f ; x f , y f , z f ) is as follows:
Figure 17(d) shows the relationship between S p (o p ; x p , y p , z p ) and S f 0 (o f 0 ; x f 0 , y f 0 , z f 0 ) for assembly case 3, where the cosine pinion is provided with an angular assembly error Dh on the horizontal plane x f 0 z f 0 . The coordinate transformation matrix from S p (o p ; x p , y p , z p ) to S f (o f ; x f , y f , z f ) is as follows:
Figure 17(e) shows the relationship between S p (o p ; x p , y p , z p ) and S f 0 (o f 0 ; x f 0 , y f 0 , z f 0 ) for assembly case 4, where the cosine pinion is provided with an angular assembly error Dv on the vertical plane y f 0 z f 0 . The coordinate transformation matrix from S p (o p ; x p , y p , z p ) to S f (o f ; x f , y f , z f ) is as follows: 
The setting of assembly errors for the five assembly cases is as shown in Table 3 . The distance assembly errors Dz and Dy are set to 0.03 mm and 0.03 mm, respectively. The angular assembly errors Dh and Dv are set to 0.2 degree and 0.2 degree, respectively. After executing tooth contact analysis, the effects of the assembly errors on the location of the contact path on S p are plotted as shown in Figure 18(a) ; the effects of the assembly errors on the location of the contact path on S F are plotted as shown in Figure 18 (b). It can be seen that the assembly error Dh has the largest impact on the locations of the contact paths. The other assembly errors have very little impact on the locations of the contact paths. The effects of the assembly errors on the function of transmission errors, Df F , are plotted as shown in Figure 19 . It can be seen that all curves of Df F remain continuous. Although the assembly errors can influence the location of Df F , they cannot influence the pattern of Df F . The maximum, minimum, amplitude and change percentage of amplitude of Df F are as shown in Table 4 . Although the assembly errors can influence the maximum and minimum of Df F , they cannot influence greatly the amplitude of Df F . The assembly error Dh has the largest impact on the amplitude of Df F . The assembly error Dy has the second largest impact on the amplitude of Df F . The assembly error Dv has a very small impact on the amplitude of Df F . The assembly error Dz has no impact on the amplitude of Df F .
Step 7: analyzing stresses by using finite element analysis Finite element analysis software ANSYS Workbench is applied herein to perform the finite element stress analysis for the numerical case. Figure 20 shows the finite element model created using ANSYS Workbench. The angular position of the cosine pinion, f p , is set to 0. The type of elements used to build the finite element model is set to SOLID186, which is a higher order 3-D 20-node solid element that exhibits quadratic displacement behavior. The material of the finite element model is set to structural steel. The Young's modulus of the material is set to 2E5 MPa. The Poisson's ratio of the material is set to 0.3. The bottom plane of the cosine face gear is fixed. The radial and axial displacements of the bottom cylindrical surface of the cosine pinion are set to 0. The tangential displacement of the bottom cylindrical surface of the cosine pinion is set to free. The moment applied on the bottom cylindrical surface of the cosine pinion is set to 110000 N-mm. bending is 28.592 MPa. Therefore, the contact stress safety factor of the cosine face gear is about 1.34 times of that of the cosine pinion. The bending stress safety factor of the cosine face gear is about 1.12 times of that of the cosine pinion.
Conclusions
This paper has proposed the mathematical model and conducted a case study of the cosine face gear drive that has a predesigned fourth order function of transmission errors and a localized bearing contact. The mathematical model of the cosine face gear drive includes the position vectors, unit normal vectors, principal curvatures and principal directions of tooth surfaces, the condition of contact, the dimensions and orientation of a contact ellipse, and the condition for producing the predesigned fourth order function of transmission errors. A numerical case study has been conducted to verify the mathematical model. According to the results of the case, the actual form of the function of transmission errors is indeed a fourth order polynomial function. The bearing contacts are localized and away from the boundaries of tooth surfaces. So, there is no edge contact problem. The location of contact path is not sensitive to assembly errors. The pattern and amplitude of the fourth order function of transmission errors are not sensitive to assembly errors. According to the stresses analyzed using ANSYS Workbench, the contact stress safety factor of the cosine face gear is about 1.34 times of that of the cosine pinion. The bending stress safety factor of the cosine face gear is about 1.12 times of that of the cosine pinion.
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